The equations that govern the temporal evolution of two photons in the Schrödinger picture are derived, taking into account the effects of loss, group-velocity dispersion, temporal phase modulation, linear coupling among different optical modes, and four-wave mixing. Inspired by the formalism, we propose the concept of quantum temporal imaging, which uses dispersive elements and temporal phase modulators to manipulate the temporal correlation of two entangled photons. We also present the exact solution of a two-photon vector soliton, in order to demonstrate the ease of use and intuitiveness of the proposed formulation.
I. INTRODUCTION
In quantum optics, the Heisenberg picture, where optical fields are treated as conjugate positions and momenta of quantized harmonic oscillators, is often preferred, as it is easy to substitute the optical fields in classical electromagnetic problems with non-commutative operators and obtain the Heisenberg equations of motion. Once the operator equations are solved, one can then obtain various quantum properties of the optical fields via non-commutative algebra. However, the Heisenberg picture is not without shortcomings. It can be hard to analytically or numerically solve the complex or nonlinear operator equations without approximations. It is also difficult to grasp any intuition about how the quantum correlations among the photons evolve until the Heisenberg equations are solved. These difficulties have led to a growing appreciation of the Schrödinger picture, where the photons are treated as an ensemble of bosons, and the evolution of the many-photon probability amplitude is studied. This arguably more intuitive approach has led to great success in the quantum theory of solitons [1] , where instead of solving the formidable nonlinear operator equations, one can obtain analytic solutions from the linear boson equations in the Schrödinger picture. The many-boson interpretation has been applied to the study of entangled photons as well, where the two-photon probability amplitude is shown to obey the Wolf equations by Saleh, Teich, and Sergienko (STS) [2] . Instead of treating the entanglement properties of the photons and the optical propagation as two separate problems, with the STS equations, one can now use a single quantity, namely the two-photon amplitude, to keep track of the spatiotemporal entanglement evolution in free space. This is analogous to the Wolf equations, which reformulate the laws of optics in terms of coherence propagation [3] .
In this paper, we utilize the STS treatment of two photons to study various temporal effects, in the hope that the Schrödinger picture would offer a more accessible interpretation of temporal entanglement propagation for analytic or numerical studies of two-photon systems. Loss, group-velocity dispersion, temporal phase modulation, via an electro-optic * Electronic address: mankei@sunoptics.caltech.edu modulator for example, linear mode coupling, via a beam splitter or a fiber coupler for example, and four-wave mixing, in a coherently prepared atomic gas [4] for example, are all included in our proposed formalism, thus extending the STS model for use in many more topics in quantum optics, such as nonlocal dispersion cancellation [5, 6] , fourth-order interferometry [7] , and two-photon nonlinear optics [4, 8] . The analysis of a two-photon vector soliton, consisting of two photons in orthogonal polarizations under the cross-phase modulation effect, is presented in the final section, in order to demonstrate the ease of use and intuitiveness of the Schrödinger picture.
Inspired by the formalism set forth, we propose the concept of quantum temporal imaging, which uses dispersive elements and temporal phase modulators to manipulate the temporal entanglement properties of two photons. Most significantly, we show that it is possible to convert positive time correlation to negative time correlation, or vice versa, using a temporal imaging system. This conversion technique should be immensely useful for applications that require negative time correlation, such as quantum-enhanced clock synchronization [9] . Although there have been theoretical [10, 11, 12, 13] and experimental [14] proposals of generating negative time correlation directly, they have various shortcomings compared with the conventional tried-and-true schemes that generate positive time correlation. Our proposed technique should therefore allow more flexibility in choosing two-photon sources for quantum optics applications.
The paper is structured as follows: Sec. II derives the equations that describe the evolution of the two-photon amplitude in two separate modes, Sec. III introduces the principles of quantum temporal imaging, Sec. IV includes linear mode coupling in the formalism, Sec. V generalizes the formalism to two photons in more than two modes, Sec. VI includes the effect of four-wave mixing, and Sec. VII presents the exact solution of a two-photon vector soliton.
II. TWO PHOTONS IN TWO SEPARATE MODES
Let us first consider two photons in two optical modes, such as two polarizations, two propagation directions or two waveguide modes. The corresponding two-photon wavefunc-tion is
where the constants C jk 's are the overall amplitudes of the quantum states, |1, 1 is the quantum state in which one photon is in each mode, |2, 0 is the state in which both photons are in mode 1, and |0, 2 is the state which both photons are in mode 2. The positive-frequency forward-propagating component of the electric field in each mode is given by [15, 16] 
where n j is the complex, frequency-dependent refractive index in mode j, η j is the real part of n j , S is an area of quantization in the x-y plane, andâ j is the photon annihilation operator, related to the corresponding creation operator via the equal-space commutator [15, 16] ,
In the Heisenberg picture, the creation and annihilation operators evolve according to the following equations [15, 16] ,
where µ j is the imaginary part of n j , andf j is the Langevin noise operator, satisfying the commutation relation,
To proceed, we replace ωn j (ω)/c by the following phenomenological approximation [17] ,
where
is the nth-order dispersion coefficient, and ∆n j encompasses any other refractive index perturbation. Defining the slowly-varying envelope operators aŝ
where ω 0 is the carrier frequency of the two modes, one can obtain two evolution equations for the envelope operators,
whereF j is defined as, (12) and K j is the complex wavenumber for the slowly-varying envelope. ∆n j can explicity depend on time, if the perturbation is much slower than the optical-frequency oscillation so that an adiabatic approximation can be made, such as in an electrooptic modulator. We now define the two-photon probability amplitudes as
The physical significance of each amplitude ψ jk is that its magnitude squared gives the probability density, P jk , of coincidentally measuring one photon in mode j at (z,t) and another photon in mode k at (z ′ ,t ′ ),
Temporal entanglement is defined as the irreducibility of |ψ 12 | 2 into a product of one-photon amplitudes in the form of a(t)b(t ′ ). This means that the probability of detecting a photon in mode 1 at time t is correlated to the probability of detecting a photon in mode 2 at t ′ . The most popular ways of generating entangled photons are spontaneous parametric down conversion [18] and four-wave mixing [19] , where the wave mixing geometry and the spatiotemporal profile of the pump beam determine the initial ψ 12 .
To obtain the evolution equations for the two-photon amplitude ψ 12 (z,t, z ′ ,t ′ ) in the Schrödinger picture, we employ the same trick as in Ref. [2] . First we multiply Eq. (9) witĥ A 2 (z ′ ,t ′ ) and Eq. (10) withÂ 1 (z,t) to produce two equations,
Using the definition of ψ 12 in Eq. (13) and assuming that the thermal reservoirs are in the vacuum state so that the Langevin operators evaluate to zero when applied to the wavefunction [20] , a pair of equations in terms of ψ 12 are derived,
Equations (19) and (20) are the temporal version of the STS equations [2] , including the effects of loss, dispersion and phase modulation. They can also be written in the frequency domain as
For entangled photons, because ψ 12 or φ 12 cannot be separated into a product of one-photon amplitudes, distortions experienced in one arm can coherently add to the distortions experienced in the other arm, leading to various nonlocal quantum effects.
For example, consider group-velocity dispersion only, the output φ 12 is given by
If the photons are initially entangled with negative frequency correlation,
Ignoring the unimportant linear spectral phase, the output is
Hence if β 21 z = −β 22 z ′ , the dispersion effects in both arms can nonlocally cancel each other, as originally discovered by Franson [5] .
III. QUANTUM TEMPORAL IMAGING
In the Schrödinger picture, the two-photon amplitude evolves under temporal effects. Since the entanglement properties of the photons are contained in the two-photon amplitude, the Schrödinger picture allows one to use the temporal effects to engineer the entanglement.
First, consider the evolution of the two-photon amplitude when one of the modes, say mode 1, is subject to groupvelocity dispersion,
Group-velocity dispersion is well known to be analogous to Fresnel diffraction.
Next, consider a quadratic temporal modulation of refractive index imposed on mode 1 by a short or traveling-wave electro-optic modulator,
Quadratic temporal phase modulation is analogous to a lens. ∆n 2 is assumed to be a constant, and t 0 is the time delay of the modulation. Kerr effect by a co-propagating classical pulse would also suffice. Two dispersive elements and a quadratic phase modulator in-between form a temporal imaging system, which has been well studied in the classical domain [21] . Suppose that the photon in mode 1 propagates through the first dispersive element, with an effective dispersion coefficient β 21 and effective length L, then passes through a time lens with refractive index modulation ∆n 2 (t − t 0 ) 2 /2, and finally propagates through the second dispersive element, with an effective dispersion coefficient β ′ 21 and effective length L ′ . The output two-photon amplitude can be expressed in terms of the input as
When the "lens law" for the time domain is satisfied,
the impulse response of the system becomes
where P(τ ′ /T a ) is the normalized temporal aperture function of the time lens that can be used to describe any deviation of the actual temporal phase modulation from the ideal quadratic profile, such as truncation or higher-order phase modulation, and T a is the aperture width. If
where T 0 is the smallest feature size of ψ 12 along the t axis, the integral in Eq. (36) can be approximated by a delta function.
We then arrive at the input-output relation for the two-photon amplitude,
where an unimportant quadratic phase factor is omitted, t d is the time delay of the system, and M is the magnification, which can be positive or negative depending on the signs of β 2 and β ′ 2 .
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. Two-dimensional sketches of the two-photon probability amplitude before and after one of the photons is timereversed. Uncertainty in arrival time difference is transformed to uncertainty in mean arrival time.
The most interesting case is when M = −1, and one of the photons is time-reversed. If the two photons are initially entangled with positive time correlation, ψ 12 can be written as
where b is assumed to be much sharper than a. After photon 1 has passed through the temporal imaging system with M = −1,
The photons hence become anti-correlated in time. See Fig. 1 for an illustration of this process. Since most conventional two-photon sources generate positive time correlation, but negative time correlation is desirable for many applications, one can use the temporal imaging system to convert the former to the latter. In particular, using the aforementioned technique for the specific application of clock synchronization, the sub-classical uncertainty of arrival time difference, (t − t ′ )/2, can be converted to a sub-classical uncertainty of mean arrival time, (t + t ′ )/2, leading to a quantum enhancement of clock synchronization accuracy by a factor of √ 2 over the classical limit. In practice, the clock can be synchronized with the electro-optic modulator, so that the mean arrival time is controlled by t 0 and thus the clock. The proposed setup is drawn in Fig. 2 .
The fidelity of time reversal is limited by parasitic effects, such as higher-order dispersion and phase modulation, and the temporal aperture T a , which adds a factor ∼ β ′ 21 L ′ /T a to the width of ψ along the t axis and increases the overall uncertainty of the mean arrival time. The ultimate limit, apart from instrumental ones, is set by the failure of the slowlyvarying envelope approximation, which only concerns ultrashort pulses with few optical cycles.
Besides the above application, one can also convert negative time correlation, which can be generated by ultrashort pulses for improved efficiency [11, 13, 22] , to positive time correlation. As evident from Eq. (38), any desired correlation can actually be imposed on already entangled photons, by multiplying the original correlation with a factor of 1/M.
As group-velocity dispersion and temporal phase modulation play analogous roles in the time domain to diffraction and lenses, one can use Fourier optics [23] , temporal imaging [21] , and quantum imaging [24] techniques to design more complex quantum temporal imaging systems.
IV. TWO PHOTONS IN TWO LINEARLY-COUPLED MODES
Suppose that the two modes are now coupled to each other, via, for example, a beam splitter or a fiber coupler. Equations (9) and (10) become coupled-mode equations,
where κ is the coupling coefficient, and for simplicity the coupling is assumed to be co-directional. The primes denote the evaluations of the functions at (z ′ ,t ′ ). Any phase mismatch can be incorporated into κ as a z-dependent phase.
Procedures similar to those in Sec. II produce four coupled equations for ψ 11 , ψ 22 , and ψ 12 ,
Any pair of Eqs. (46) and (47) 
Equation (49) 
The solution is
where T = cos 2 (κL) and R = 1 − T = sin 2 (κL). If we have one photon in each mode initially, only the initial condition of ψ 12 is non-zero, and
From Eq. (53), one can see that the output amplitude is the destructive interference between the original amplitude and its replica but with the two photons exchanging their positions in time. In particular, for a 50%-50% coupler, T = R = 1/2, complete destructive interference is produced if the two input photons are temporally indistinguishable. See Fig. 3 for a graphical illustration of the destruction interference. The introduction of variable distinguishability to photons, in order to produce varying degrees of destructive interference of ψ 12 via a beam splitter and to measure the two-photon coherence time, is the basic principle of the Hong-Ou-Mandel interferometer [7] .
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. The quantum destructive interference via a coupler is determined by the overlap (dark grey area) of the twophoton amplitude ψ 12 (0,t, 0,t ′ ) with its mirror image with respect to the t + t ′ axis, ψ 12 (0,t ′ , 0,t).
V. TWO PHOTONS IN MANY MODES
If the two photons are optically coupled to more than two modes, such as four modes for two polarizations in each of the two propagation directions, or N modes in an array of N fibers coupled to each other, one in general needs N(N + 1)/2 twophoton amplitudes to describe the system. The propagation of the amplitudes in many modes is described by the following,
Further simplications can also be made if any of the coupling terms is zero. For example, let there be four modes; mode 1 corresponds to arm 1 with x polarization, mode 2 corresponds to arm 2 with x polarization, mode 3 corresponds to arm 1 with y polarization, and mode 4 corresponds to arm 2 with y polarization. If only the same polarizations are coupled, the two-photon equations are 
The following solution for the orthogonally polarized amplitudes can be obtained,
where T x,y = cos 2 (κ x,y L) and R x,y = 1 − T x,y . In particular, if only the initial condition of ψ 14 is non-zero,
The singlet state for orthogonally polarized photons is produced if T x = T y = 1/2 [25] .
VI. FOUR-WAVE MIXING
As envisioned by Lukin et al., the third-order nonlinear effects among two photons can become significant in a coherently prepared atomic gas [4] . The coupled-mode equations (43) and (44) then become nonlinear,
where γ is the self-phase modulation coefficient, η is the cross-phase modulation coefficient, and χ is the four-wave mixing coefficient. If we define equal-space two-photon amplitudes as the following,
three linear coupled-mode equations for the two-photon amplitudes can be derived,
The advantage of the Schrödinger picture is most evident here; whereas in the Heisenberg picture one needs to solve nonlinear coupled-mode operator equations such as Eqs. (62) and (63), in the Schrödinger picture, one only needs to solve linear equations such as Eqs. (65) to (67), which are similar to the configuration-space model applied to the quantum theory of solitons [1, 26] . The delta function δ (t − t ′ ) couples the two subspaces of ψ 12 (z,t,t ′ ), so entanglement can emerge from unentangled photons [4] . To see this effect, assume that we only have fourwave mixing, so that Eq. (67) becomes
which yields
If the nonlinearity has a finite bandwidth ∆ω, the delta function in time should be replaced by a finite-bandwidth function, for example a sinc function,
Eq. (70) is the exact solution of the two-photon amplitude under the cross-phase modulation effect, while Eq. (7) in Ref. [4] , presumably derived in the Heisenberg picture, is only correct in the first-order. As ψ 12 (L,t,t ′ ) cannot be written as a product of one-photon amplitudes even if the two photons are initially unentangled, entanglement is generated. The physical interpretation is that the two input photons act as pump photons to the spontaneous four-wave mixing process and are annihilated to generate two new entangled photons. Unlike temporal imaging techniques, which can only manipulate the two-photon amplitude along the horizontal axis t or the vertical axis t ′ , cross-phase modulation allows some manipulation of the two-photon amplitude along the diagonal time-difference axis, t − t ′ . Unfortunately, cross-phase modulation by itself cannot generate any temporal correlation, as it only imposes a phase on the two-photon temporal amplitude. In order to have more control along the t − t ′ axis, one can combine the effects of cross-phase modulation and dispersion, as shown in the following section.
VII. TWO-PHOTON VECTOR SOLITONS
In this section we study a toy example, namely, a soliton formed by two photons in orthogonal polarizations exerting cross-phase modulation on each other [17] . Although similar studies of two photons in the same mode under the self-phase modulation effect have been performed in Refs. [8] , crossphase modulation offers the distinct possibility of entangling two photons in different modes.
Consider the case in which two polarizations have the same group-velocity dispersion, so that β 21 = β 22 = β 2 , and there is one photon in each polarization. The evolution equation for
Defining time coordinates in a moving frame,
we obtain the following equation for ψ 12 (z, τ, τ ′ ),
Equation (74) is a simple linear Schrödinger equation, describing a two-dimensional "wavefunction" ψ 12 (z, τ, τ ′ ) in a moving frame subject to a delta potential. To solve for ψ 12 explicity, we define new time coordinates,
Eq. (74) then becomes
As evident from Eq. (76), the cross-phase modulation effect only offers confinement of ψ 12 along the time difference (τ − ) axis, but not the mean arrival time (τ + ) axis. The only bound-state solution of ψ 12 is
The delta potential enforces S to take on the following value,
where η and β 2 must have opposite signs. The final solution of ψ 12 in the frame of τ and τ ′ is therefore ψ 12 (z, τ, τ ′ )
The two-photon coherence time of a vector soliton is fixed, but the average arrival time is still subject to dispersive spreading and becomes increasingly uncertain as they propagate. See Fig. 4 for an illustration. Hence, a two-photon vector soliton generates temporal entanglement with positive time correlation as it propagates. Similar to the idea of soliton momentum squeezing [27] , one can also adiabatically change η or β 2 along the propagation axis to control independently the twophoton coherence time.
Notice that the center frequencies of the two photons are shifted slightly, by an amount of ±∆/β 2 , to compensate for their group-velocity mismatch, so that they can co-propagate at the average group velocity. This is commonly known as soliton trapping [17] . If the nonlinearity has a finite bandwidth, then the potential becomes a finite-bandwidth function like the one in Eq. (70), and multiple bound-state solutions can be obtained via conventional techniques of solving the linear Schrödinger equation.
VIII. CONCLUSION
We have derived the general equations that govern the temporal evolution of two-photon probability amplitudes in different coupled optical modes. The formalism inspires the concept of quantum temporal imaging, which can manipulate the temporal entanglement of photons via conventional imaging techniques. The theory also offers an intuitive interpretation of two-photon entanglement evolution, as demonstrated by the exact solution of a two-photon vector soliton. To conclude, we expect the proposed formalism to be useful for many quantum signal processing and communication applications.
